We present a study of leptonic B meson decay constants in lattice QCD with two flavors (N f ϭ2) of light dynamical quarks using nonrelativistic QCD for the heavy quark. Gauge configurations are generated with a renormalization-group improved gauge action and a mean-field-improved clover light quark action. Measurements are carried out at two values of ␤ϭ6/g 2 , each for four sea quark masses, corresponding to inverse lattice spacings a Ϫ1 Ϸ1.3 and 1.8 GeV in the chiral limit of the sea quark. 
I. INTRODUCTION
An accurate determination of the B meson decay constant has practical importance, as it is needed, together with the B ϪB transition matrix elements, for the extraction of the quark mixing matrix elements from the B ϪB mass difference. To this end much effort has been put toward a quantitative evaluation of these matrix elements using lattice QCD ͑for reviews, see Refs. ͓1,2͔͒.
A problem specific to heavy meson calculations with the original lattice formulation is that the heavy quark mass is greater than unity in units of the lattice spacing, which makes the lattice artifacts intolerably large. There are two popular formalisms to handle heavy quarks, using the fact that the heavy quark in a B meson is nonrelativistic, in a way that large discretization effects proportional to the heavy quark mass do not appear. One is the use of a relativistic action with the aid of a nonrelativistic reinterpretation ͑the Fermilab formalism͒ ͓3͔, and the other is simulations with the nonrelativistic QCD ͑NRQCD͒ action ͓4͔.
The problem with these formalisms, however, is that a continuum extrapolation is not simple. For instance, since the NRQCD action is not renormalizable, an infinite number of terms is involved in the aM →0 limit, and their matching to the continuum theory requires good control of a power divergence of the form 1/(aM ) n with n a positive integer. In the Fermilab formalism the continuum extrapolation is possible in principle, although it is difficult in practice because of the complicated a dependence of the couplings in the effective Hamiltonian of the heavy quark. Therefore, an estimation of systematic errors arising from the continuum extrapolation is a nontrivial task in both formalisms. Another uncertainty in previous calculations of heavy mesons is the effect of dynamical quarks. Most lattice studies to date adopted the quenched approximation. There are two calculations in which dynamical quarks are incorporated ͑full QCD͒ ͓6,7͔. The results indicate that the inclusion of dynamical quarks increases the value of f B and f B s . However, study by Collins et al. ͓6͔ , using NRQCD for heavy quarks and the clover action for light valence quarks, was made only at a single lattice spacing in a small physical volume, and with the Kogut-Susskind staggered action for sea quarks with a mass near to that of the strange quark. The other study by the MILC Collaboration ͓7͔, while covering a range of lattice spacings and sea quark masses, used the Wilson action both for heavy and light valence quarks, but employed the staggered action for sea quarks. The problem with these calculations are that the actions for valence and sea quarks are different, having different symmetry structures at finite lattice spacings. This would be an additional source of systematic errors.
We study the B meson decay constants f B and f B s , incorporating two flavors of light dynamical quarks, which are identified as u and d quarks. The strange quark is treated in the quenched approximation. In order to test the estimation of systematic errors in the final results in the continuum *Present address: Department of Physics, Columbia University, limit, we compare the results from the two heavy quark formalisms. The work with the Fermilab formalism was published separately ͓5͔. In this paper, we present the calculation using NRQCD.
We carry out full QCD calculations with a consistent use of a quark action for both sea and light valence quarks. We adopt a renormalization group improved gauge action ͓8͔ for the gluon sector and an O(a)-improved clover action ͓9͔ for sea and light valence quarks ͓10-12͔. The use of the improved action enables us to reduce discretization errors, and makes it possible to study decay constants at moderate lattice spacing, which is feasible with the present computer resource.
The full QCD calculation is performed at two lattice spacings (1/aӍ 1.3 and 1.8 GeV͒. In order to study the dynamical quark effects, we perform parallel quenched simulations with the same action, tuning the lattice spacing to be the same as those in full QCD simulations.
The outline of this paper is as follows. In Sec. II, we introduce the lattice formulations of NRQCD used in this calculation, and define the operators that contribute to the axial vector current. Simulation details such as the run parameters and the choice of operators, and fitting methods, are described in Sec. III. In Sec. IV, we discuss determinations of the physical lattice spacing, the B meson masses and decay constants. A detailed discussion of the extrapolation and interpolation to the physical quark masses is given. We then attempt to obtain the continuum results by estimating the discretization errors at each finite lattice spacing in Sec. V. A comparison with results of previous studies is made in Sec. VI, and the conclusions are given in Sec. VII. Detailed numerical results are collected in some of the tables.
II. FORMALISM

A. Actions
For gluons we adopt a renormalization-group ͑RG͒ improved gauge action consisting of plaquettes and 1ϫ2 rectangular Wilson loops ͓8͔. The action for both sea quarks and light valence quarks is taken to be the O(a)-improved clover action ͓9͔ with a mean-field-improved clover coefficient c SW ϭ P Ϫ3/4 , where the plaquette P is evaluated in one-loop perturbation theory as Pϭ1Ϫ0.8412/␤. For our choice of parameters the measured values of plaquette ͗P͘ is well approximated by the one-loop evaluation ͓12͔.
For the heavy quarks we use NRQCD corrected to O(1/M 0 ) with M 0 the heavy quark mass. Previous quenched NRQCD calculations showed that O(1/M 0 2 ) corrections are small in the decay constants, being of the order of ϳ3 -4 % at the lattice spacings used in this study ͓13-15͔. There are various ways to discretize a NRQCD action ͑see e.g., Refs. ͓4,14,16͔͒. Here, we choose an action that is symmetric under a time reversal transformation,
where t is a two-component Pauli spinor at a time slice t. The sum runs over all lattice sites, while indices to represent spatial positions are suppressed. The operators H 0 and ␦H correspond to the nonrelativistic kinetic energy and the spinchromomagnetic interaction, as defined by
respectively, where ⌬ (2) is a Laplacian discretized in a standard way and B ជ represents a chromomagnetic field strength defined with a clover-leaf shape as in Ref.
͓4͔. The stabilization parameter n is introduced to avoid an instability of the Green's function at large separation due to high-momentum modes. In the free theory, this parameter should satisfy n Ͼ3/(2aM 0 ) ͓4͔. We choose a larger value of n to make the simulation stable ͓14,15͔. The actual numbers are given in Table I for full QCD runs and in Table II for quenched QCD runs. Gauge links appearing in the NRQCD action are meanfield-improved, U →U /u 0 , with u 0 determined from the mean link in the Landau gauge. The coefficient c B is set to its tree-level value, i.e., unity. We allow the heavy quark 
Green's functions to evolve from tϭ0 to T/2, and a time reversed evolution through the second half of the lattice from the same source.
B. Current operators
The pseudoscalar decay constant is defined by
where the axial current A ϭq ␥ 5 ␥ h is formed with the relativistic spinors q for the light quark and h for the heavy quark. We restrict our considerations to the time component A 0 .
The heavy quark field h is related to a nonrelativistic field Q via a Foldy-Wouthuysen-Tani transformation at tree level.
Ignoring the O(1/M
2 ) terms, this reads
͑6͒
We write the two lattice operators contributing to the time component of the heavy-light axial vector current as
In matching the continuum operator to the lattice counter-
though its matrix element is equal to that of J L (1) at zero momentum due to translational invariance on the lattice. Thus at the one-loop level we use
where A (0) , A (1) and A (2) were computed in Ref.
͓17͔ 1 for the RG-improved gauge action. The coefficient A (2) diverges in the limit of aM 0 →ϱ as 0.34ϫ2aM 0 , which cancels the factor 1/M 0 in the definition of J L (2) and gives a finite contribution. This remaining contribution corresponds to the improvement of discretization error of O(␣ s a) ͓18͔ in the static limit.
For ␣ s , we use the coupling defined with the modified minimal subtraction (MS) scheme at ϭ1/a, which is evaluated using the one-loop relation
The mean-field improvement is applied using measured values of the 1ϫ1 and 1ϫ2 Wilson loops P and R.
III. SIMULATION DETAILS
A. Gauge configurations
The CP-PACS Collaboration generated a set of full QCD gauge configurations incorporating two flavors of light dynamical quarks at four values of gauge coupling, ␤ϭ1.8, 1.95, 2.1, and 2.2, using the hybrid Monte Carlo ͑HMC͒ algorithm ͓10-12͔. At each ␤, four sea quark masses m sea are chosen in the range 0.5m s Շm sea Շ3m s , where m s denotes the strange quark mass. In the chiral limit of sea quarks, these couplings correspond to lattice spacings a with 1 GeVՇa Ϫ1 Շ2.2 GeV. The spatial lattice size is about 2.5 fm at ␤ϭ1.8, 1.95, and 2.1, while it is about 1.9 fm at ␤ ϭ2.2. The parameters of the configurations are summarized in the left half of Table III .
In the present study we use the configurations at ␤ ϭ1.95 (a Ϫ1 Ӎ1.3 GeV͒ and 2.1 (a Ϫ1 Ӎ1.8 GeV͒; all the gauge configurations we generated are analyzed at ␤ϭ1.95, whereas half the configurations, corresponding to the first 2000 trajectories, are employed for ␤ϭ2.1. The configurations are separated by ten HMC trajectories at ␤ϭ1.95 and by five trajectories at 2.1. We discard configurations at ␤ ϭ1.8, because of expected large discretization errors, and at ␤ϭ2.2 for too small a physical volume. Details of the parameters employed in our analysis are listed in Table III 
The CP-PACS study of full QCD is supplemented by quenched simulations. These simulations are based on a set of quenched configurations with the same gauge action separated by 100 sweeps, each sweep consisting of one heatbath step and four overrelaxation steps. The gauge couplings in the quenched configurations are tuned such that the string tension matches the one in full QCD at four sea quark masses in our simulation and at the physical sea quark mass point corresponding to u and d quarks, as shown in the right half of Table III ͓5͔ . We analyze a subset of the quenched configurations at four values of ␤ as listed in Table II . The first two values (␤ϭ2.187 and 2.281͒ correspond to full QCD runs with the heaviest and the lightest sea quark masses at ␤ϭ1.95. The third (␤ϭ2.334) and fourth (␤ ϭ2.575) values correspond to full QCD at ␤ϭ1.95 and 2.1 at the physical sea quark mass, respectively. Details of the parameters of these quenched runs are given in Table II .
B. Correlator measurements
In order to improve the overlap of interpolating field with the heavy-light meson ground state, we use smeared opera-
on the gauge configurations fixed to the Coulomb gauge. For the smearing function (͉x ជ Ϫy ជ ͉) we use an exponential form
We calculate correlators using smeared operators at the source and using both local and smeared operators at the sink,
where O L denotes a local pseudoscalar density. The spatial momentum p ជ is introduced for C SL to study the energymomentum dispersion relation of mesons. We make measurements for momenta p 2 ϭ͉p ជ ͉ 2 ϭ0,1, . . . ,5 in units of (2/La) 2 with L the spatial extent of the lattice. We average over all possible spatial directions.
The correlators for the axial currents are given by
Note that C SL (0) (t)ϵC SL (t,0 ជ ) since the lower two components of Q vanish.
C. Correlator fits
To calculate the decay constants we need the amplitude of the local currents. Since smeared-smeared and smeared-local correlators both have an exponential falloff with the same exponent controlled by E sim , we make a simultaneous fit to a single exponential as
We apply a bootstrap procedure with 500 samples, taking correlations between different correlators and time slices into account. For the dynamical configurations, we bin over two configurations at ␤ϭ1.95 and five configurations at ␤ϭ2.1. The quenched configurations are regarded as independent and are not binned. Results from forward and time reversed evolution on the same configurations are always averaged. In the full QCD analysis at ␤ϭ2.1 we introduce a cutoff on the ratio of the largest to the smallest eigenvalues of the covariance matrix to avoid a low value of the goodness of fit Q. For the heaviest and lightest sea quark masses we checked that the effect of this procedure on the decay constants is small, amounting to at most ϳ25% of the statistical error. The problem of a low Q at ␤ϭ2.1 might arise from the smaller number of independent configurations.
The fitting interval ͓t min ,t max ͔ is chosen such that both correlators already reach a plateau at t min . This is judged by Q, as well as by eye from the effective mass and effective amplitude plots. Correlators, in particular C SS , are often dominated by noise for large t, which is indicated by a decrease of Q for a large t max . We cut the fit at t max before noise dominates.
Examples of the effective mass plots for C SL (0) and C SS are shown in Figs. 1 and 2, where the light valence quark mass is taken approximately to be the strange quark mass and the heavy quark mass to be the b quark. In Fig. 1 the upper two panels illustrate full QCD data at ␤ϭ1.95 with the lightest sea quark mass, and the lower two show quenched results at ␤ϭ2.334 corresponding to the physical value of the sea quark mass in full QCD at ␤ϭ1.95. Figure 2 shows similar plots at ␤ϭ2.1. Energy for a given finite spatial momentum E sim (p 2 ) is extracted from the difference ⌬E(p 2 )ϵE sim (p 2 )ϪE sim (0) using a single exponential fit to the ratio
An example of the effective mass is shown in Fig. 3 for full QCD simulations at ␤ϭ2.1.
IV. ANALYSIS A. Fixing the physical scale
We carry out a partially quenched analysis of the dynamical configurations. That is, we evaluate the decay constants for the configurations at each sea quark mass, at which the lattice spacing and physical quark masses are determined by varying the valence light quark mass as we do in the quenched analysis. We then extrapolate the results to the physical value of the sea quark mass. In this subsection we discuss the determination of the lattice scale. In simulations of full QCD with the realistic spectrum of dynamical sea quarks, one should in principle obtain a unique value for the lattice spacing a from any physical quantity. In our simulation, however, we obtain different values of a depending on the quantity used to fix the scale since dynamical quark effects other than those of u and d quarks are not included.
One way to determine the lattice spacings is to use the meson mass. We refer the reader to Refs. ͓10-12͔ for the light hadron spectroscopy calculation, from which we constructed Tables IV and V. Another way is to use ⌼ level splittings. Specifically, we take the spin-averaged 1 PϪ1S splitting, which is considered to be relatively insensitive to systematic errors. Our study of the ⌼ spectroscopy using the NRQCD action was described in Ref.
͓19͔.
One may think that the most natural scale for the physics of B mesons is their level splittings. In quenched studies ͓20,21͔, it was found that the scale from the spinindependent B spectrum agrees with that from the meson mass. We defer a verification in full QCD to a separate work. In this study, we study the scale from the meson mass, denoted as a in the following, and that from the ⌼1 P Ϫ1S splitting, denoted as a ⌼ . We do not adopt the string tension to fix the scale, because its physical value is not well known. 
Our results for the lattice spacings are listed in Tables IV  and V for unquenched and quenched lattices respectively. Note that a given in this paper differs slightly from the one presented in Ref. ͓19͔, the latter being calculated in the chiral limit where the (u,d) quark mass vanishes rather than at the physical point. The ratio of the scales is plotted in Fig. 4 for quenched ͑open symbols͒ and full ͑filled symbols͒ QCD. The ratio becomes closer to unity with the inclusion of a dynamical quark, but the discrepancy still remains significant. We note that the discrepancy does not decrease toward the continuum limit.
The light quark mass corresponding to the u and d quarks is determined from m . To determine the strange quark mass, we use either the K meson mass or the meson mass. The corresponding hopping parameters, denoted by K l , K s (K) and K s (), are given in Tables IV and V.
B. B meson masses
In NRQCD, the exponential falloff of the correlator in Euclidean time, E sim , represents the bare binding energy. We expect that the nonperturbative mass of heavy-light mesons is inferred from the meson dispersion relation. We use the relativistic form
In practice, we determine this energy difference from a fit of the ratio of the correlators at p 2 ϭ(2/La) 2 and p 2 ϭ0 to a single exponential. The results are given in Table VI for full  QCD and in Table VII for the quenched case. We also examine this particular form of the dispersion relation by comparing the results using momenta larger than one lattice unit, and find that they agree within errors. An example for M kin as a function of p 2 is given in Fig. 5 for a quenched lattice at ␤ϭ2.575.
The meson masses can also be estimated from E sim , through the perturbative relation
where Z m is the quark mass renormalization constant, and E 0 is a shift of the zero point of the energy that occurs in nonrelativistic and static theories. We employ one-loop perturbative values of Z m and E 0 ͓17͔, using ␣ MS as defined in Eq. ͑10͒ at the scale 1/a. Results for E sim are given in Tables  VIII and IX , and those for M pert in Tables X and XI. The statistical errors in E sim are very small. The error of M pert quoted in these tables is dominated by the systematic error from higher order radiative corrections, as estimated by ␣ MS 2 (1/a) times the meson mass. We find that the one-loop contribution to ⌬ pert is always smaller than our estimate of the two-loop error, which increases our confidence in the error estimate. For light valence quark masses around m s , M kin , and M pert agree within the combined errors for all configurations except for those for ␤ϭ2.1, for K sea ϭ0.1357 in full QCD, and for ␤ϭ2.575 in quenched QCD. Even for these cases the difference is at most two standard deviations of the statistical error in M kin . In Fig. 6 we show a comparison between M kin and M pert for full ͑top panel͒ and quenched QCD ͑bottom panel͒ at our finest lattice spacing of a Ϫ1 Ϸ1.8 GeV. The full QCD data show an agreement which is typical of our data, while for the quenched data we show the case of the largest discrepancy.
To determine the bare b quark mass M 0b , we employ the kinetic meson mass M kin , as it is free from higher order perturbative errors. The systematic uncertainty in the choice of the method will be discussed later. We first fit the mass as a linear function of the light quark mass,
and extrapolate or interpolate to the physical value K l and K s to obtain the heavy-light meson masses M l and M s . The result is then expressed as a function of the heavy quark mass, as
and M 0b is determined by requiring M l or M s to equal the physical meson mass, M B or M B s , respectively. Examples for these fits in the light and heavy quark mass are given in Fig. 7 . On the right panel, a plot of M s /M 0 is shown as a function of 1/M 0 , which is A Q ϩB Q /M 0 . Results using the B meson agree with those from B s allowing for larger errors. We use the B s meson rather than the B meson to calculate the central values of M 0b to avoid the larger statistical and possible systematic errors from the extrapolation to K l . The difference between the use of the K and mesons to fix the strange quark mass is negligible compared to other errors in heavy-light meson mass. We take the central value from the K meson. The numerical results for M 0b are listed in 
C. Decay constants
The decay constants are calculated from the results of the fit ͓Eqs. ͑15͒ and ͑16͔͒ according to
͑22͒
where ͉P(0 ជ )͘ denotes a pseudoscalar heavy-light meson state of mass M at rest. The normalization factor ͱ1Ϫ(3K/4K c ) for the light quark field in Eq. ͑22͒ is motivated by the mean-field improvement of the perturbative renormalization factor ͓22͔, with which the one-loop coefficient A (0) in Eq. ͑9͒ is modified. The lattice results for the matrix elements ( f ͱM) (0) and ( f ͱM) (1) are listed in Tables   XIV and XV for full QCD and in Tables XVI-XIX for quenched QCD. As mentioned above in Sec. II B,
The physical decay constant is then obtained, following Eq. ͑9͒, by
One-loop corrections of different currents contribute with different signs and partially cancel each other. As shown in Fig. 8 as an example for full QCD, the relative contribution of each of these corrections to the whole decay matrix ele- ment f ͱM is small. The largest is the correction to ( f ͱM) (0) , being of the order of a few percent. The overall one-loop correction is 3-6 % for the dynamical case, and 3-5 % for the quenched case. The one-loop correction for the RG-improved gauge action is thus smaller than for the plaquette gauge action for which the correction amounts to roughly 10% ͑see e.g., Refs. ͓14,15͔͒.
D. Analysis of heavy and light quark mass dependence
We find that the decay matrix elements a 3/2 ( f ͱM) (i) are well described by a linear function in the light quark mass 1/(2K)Ϫ1/(2K c ) as shown in Fig. 9 ͑top panel͒. Using the linear fit, we interpolate the data to K s or extrapolate to K l . Then we make a quadratic fit in 1/M 0 and interpolate to the b quark mass, 1/M 0b . Figure 9 ͑bottom͒ shows this fit for full QCD on the finest lattice. For quenched QCD this completes the analysis of the decay constant. We give the renormalized decay constants in Table XX. For full QCD we carry out this procedure separately for each sea quark mass m sea , using partially quenched values for the lattice spacing and K c , K l and K s . The resulting renormalized decay constants are given in Table XXI . From these data we calculate the physical decay constants by extrapolating the sea quark mass to the u and d quark masses. We use a linear fit in (am ) 2 , where m is the pion mass of the sea quark. The sea quark mass dependence of f B , f B s , and f B s / f B is very mild. On finer lattices, there is a slight upward shift of the decay constants as the sea quark mass is decreased. In Fig. 10 , this is demonstrated for f B at ␤ϭ2.1. The final results for full QCD are given in Table XXII . We note that the decay constants we obtained for finite lattice spacings agree very well with those from the Fermilab formalism ͓5͔ for both quenched and full calculations.
We add comments on possible systematic errors from various steps of the analysis procedure: ͑i͒ The bare b quark mass using the mass to set the scale is slightly higher than that from the ⌼, but the two agree within statistical errors. ͑ii͒ The statistical error on the mass is included within the bootstrap procedure. There is a good agreement between results from M kin and M pert ; if the perturbative error is included in the determination using M pert , their errors are very similar. We take results obtained with the kinetic masses for our central values. ͑iii͒ An alternative method to represent the heavy quark dependence of f This circumvents the determination of M 0b . The results agree with those using M 0b within the statistical errors, which are similar in magnitude in both methods. We quote the numbers from the procedure using M 0b as our central values.
V. ESTIMATE OF CONTINUUM RESULTS
While discretization errors decrease as the lattice spacing becomes smaller, the 1/M operators introduce radiative corrections that go as powers of 1/a in NRQCD. Thus NRQCD breaks down in the limit of vanishing lattice spacing, and we cannot perform a continuum extrapolation as a matter of principle. The aim is rather to find a range of lattice spacings where the result is approximately independent of the cutoff with small systematic errors.
We have plotted the resulting f B and f B s at finite lattice spacing in Figs. 11 and 12 for both quenched and full QCD calculations, where statistical errors are shown by thick bar symbols. We see that the data for quenched QCD ͑top panels͒ exhibit a signature for a plateau for a р0.8 GeV Ϫ1 . The data for full QCD calculation, however, show a sizable drop from a ϭ0.79 to 0.56 GeV Ϫ1 . Nevertheless, it is perhaps possible to estimate the continuum value if we can properly estimate the discretization error at each lattice spacing, and we consider this problem in the following. Table XXIII we list an estimate of the systematic errors for f B and f B s on our lattices. We use ␣ MS (1/a) for the coupling constant ␣ s . For the typical momentum scale ⌳ QCD , we naively expect that its order is around 200-300 MeV. In this analysis, however, we take a value which is larger by a factor 2 and use ⌳ QCD ϭ600 MeV, in order to make the estimate more conservative. The overall error is calculated by summing the individual contributions in quadrature. In Figs. 11 and 12 the discretization errors thus estimated are shown with thin error bars. Looking first at figures for the quenched case ͑top panels͒ we see that the ranges of error bars overlap among all data points, but also that the value of plateau is within the ranges of error bars. Therefore, we consider that the continuum value of the quenched decay constant is located within the estimated errors. We take the data at the weakest coupling, with which the error estimate becomes minimum,
as our estimate for the continuum value, where the first error is statistical, and the second is the uncertainty associated with the discretization. These values are shown by horizontal lines in the figure. The errors here do not include systematic errors from the uncertainties of the strange quark mass ͑3%͒ and the lattice scale which exceeds 30% ͑see Fig. 4͒ . The error due to strange quark mass is ascribed to both lattice artifacts and quenching effects. As seen in Table XX this uncertainty decreases toward weaker couplings. On the other hand, the uncertainty due to lattice scale does not diminish from strong to weaker couplings.
For the full QCD case, we could not see a plateau within the statistical errors in Figs. 11 and 12 . From the same reasoning as in the quenched case, however, we expect that the continuum value is within the error range when we include systematic errors. Indeed, the final error bars of the two data points largely overlap in Figs. 11 and 12 . Taking the data with a smaller error bar ͑i.e., at the weaker coupling͒, we have
as our ''final'' estimate. We take these values as still provisional, since a plateau is not identified within the statistical errors. In full QCD, the uncertainty from the strange quark mass is about 1%. The uncertainty from the lattice scale is 22% in full QCD, which is smaller than that in the quenched case, but is still substantial ͑see Fig. 13͒ . To be conservative we add this error to the final estimate of errors for the decay constants. Figure 14 shows a similar analysis for the ratio f B s / f B . This ratio is rather insensitive to the perturbative corrections and the heavy quark action. The dominant errors come from the light quark action, i.e., O(␣ s a⌳ QCD ) and O(a 2 ⌳ QCD 2 ). We estimate the systematic error of f B s / f B Ϫ1 by quadrature. We again find the systematic error to be smallest at the finest lattice spacing, whose results are therefore taken as our final estimates. We obtain
ϭ1.179Ϯ0.018Ϯ0.023. ͑29͒
To study the effect of dynamical sea quarks, we take the ratio of unquenched results to quenched results. We expect that most systematic errors cancel, and we obtain
where only the statistical errors are retained. We observe that the inclusion of dynamical sea quarks increases the decay constants, as noted in Refs. ͓6,7͔. The effects are 1.5 for f B , and 2 for f B s .
VI. COMPARISON WITH OTHER STUDIES
We first note that the decay constants we obtained with the NRQCD formalism agree very well with those obtained using the Fermilab formalism: f B ϭ188Ϯ3Ϯ26 MeV and f B s ϭ220Ϯ2Ϯ31 MeV from a quenched calculation, and f B ϭ208Ϯ10Ϯ29 MeV and f B s ϭ250Ϯ10Ϯ35 MeV from a full QCD calculation ͓5͔. This justifies the validity of the two formalisms within the statistical and systematic errors.
We now compare our quenched calculation to the previous NRQCD results ͑Refs. ͓14͔ and ͓15͔͒, and to a quenched world average ͓1͔ in Fig. 15 . In Ref. ͓14͔, marked as GLOK in Fig. 15 , the clover light quark action is used with a treelevel mean-field-improved clover coefficient, and the NRQCD action includes 1/M 2 corrections at the tree level. The lattice spacing, fixed from m , is a Ϫ1 Ӎ2 GeV. The calculation of the JLQCD Collaboration ͓15͔ employed the clover light quark action with a mean-field-improved oneloop clover coefficient, and heavy quarks with NRQCD corrected through O(1/M ). The scaling of the decay constant is tested at three lattice spacings, and the central value is extracted from runs at a lattice spacing a Ϫ1 Ӎ1.6 GeV, with the string tension used to set the scale. The scaling test is also made for f B s in Ref. ͓24͔ in the range a Ϫ1 ϭ1.1-2.6 GeV.
For the world average, we use the value quoted in Ref.
͓1͔ that includes a variety of quark actions. Our value ͑labeled as ''this work''͒ is slightly higher than those of JLQCD and the world average by 1.5. Our value, however, disagrees with the GLOK result by (2.5-3).
In Fig. 16 , we compare our result from two-flavor QCD with other dynamical calculations that use the plaquette gauge action. Reference ͓6͔, denoted as SGO, uses the NRQCD action corrected through O(1/M ) for the heavy quark and a tree-level clover action for the light valence quark. The calculation used a set of dynamical gauge configurations with staggered quarks at a mass around the strange quark mass, but on a somewhat small physical volume (L s ϳ1.6 fm͒. The lattice spacing (a Ϫ1 Ӎ2 GeV͒ is fixed with m . The result from MILC ͓7͔ is an ongoing study using two flavors of staggered sea quarks, and both Wilson and ͑fat-link͒ clover action for valence quarks. The lattice spacings are set using f , and the central value is extracted from the continuum extrapolation of the Wilson results. Our result is again slightly higher, but agrees with the others within one sigma error. 
VII. CONCLUSIONS
We have calculated the B meson decay constants in twoflavor full QCD using the O(1/M ) NRQCD action, paying attention to the sea quark mass dependence and extrapolation to the chiral limit of the sea quark, as well as to estimates of discretization errors. We have used improved actions for both quarks and gluons to minimize the discretization error at a modest lattice spacing. We also have performed quenched simulations at matching lattice spacings using the same actions, to study the effect of dynamical sea quarks.
We have confirmed a plateau in the plot of the decay constants as a function of lattice spacing for the quenched calculation, but could not see a plateau in the full QCD calculation, within the statistical errors. We have estimated the decay constant in the continuum by evaluating systematic errors from discretization at each lattice spacing.
We have found that the NRQCD action and the relativistic Fermilab formalism give consistent estimates for the B me- son decay constants. Our values of f B and f B s are slightly higher than those from previous studies, but the disagreement is at most at 1 level. We have confirmed that the sea quark effect makes the decay constants larger by Ϸ10%, which is about (1.5-2) effects in our statistics. The systematic error due to the uncertainty of the strange quark mass ͑whether it is determined from K or ) is reduced to a negligible level by the intro- (am ) 2 , and the filled symbol is the value in the chiral limit of the sea quark mass. duction of two flavors of dynamical sea quarks. Comparing the results using the lattice scales from the meson mass and the ⌼ mass splitting, we find that the uncertainty from the lattice scale is also smaller in full QCD, but remains to give a substantial error to the decay constants.
Our final result for the decay constant is summarized as where the central values are taken from those using the lattice scale from the meson mass, because the B physics will be governed by the soft hadron phenomena, and the uncertainty from the lattice scale is shown by the third error. This uncertainty cancels out in the ratio f B s / f B . We should take these values as provisional until a plateau is actually confirmed with a future dynamical calculation. 
